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Figure: [Ermentrout, Va\r’1 der Ventel, 2016]
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A: Type II excitability

FitzHugh-Nagumo model.
Hodgkin-Huxley model.
One fixed point.

Loses stability via a Hopf bifurcation.

Stable limit cycle (traveling pulses).

! B: Type I excitability

. Ermentrout, Rinzel, 1998
. Izhikevich, 2007

. Three fixed points.

. Saddle-node on invariant circle

(SNIC).

. Unstable manifolds of the saddle

are strongly attracting (even
without fast-slow time scales).
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The 0 model

Reaction-diffusion equation on an annulus with Neumann B.C.

-
w=Au+f(u;p), xef,

o,u=0 on o9,
Q={xeR?:R_<Jx|<R,}, R,<o

f(u; p) : 2m-periodic, e.g. f(u) =1+ pcos(u).

p<l p=1 pw>1

® uy =1+ pcos(u): normal form of Type I excitability.
e Saddle-node on invariant circle (SNIC) bifurcation at p = 1.

[Ermentrout, Kopell, 1986]
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Polar coordinates and winding numbers

In fact, u: Q — S} with a degree ( € Z:

( )

1 1
Up = Upy + ;ur + rj”g@cp +f(u§ 1),
aru|r=R,,RJr =0, re {R—aR+}7 pe [—7T, ﬂ—]’
O u(r,0) = O,u(r,2m),
u(r,0) = u(r,2m) + 2x¥.

e Continuity of u: u|r - S! has degree ¢ for any curve I' with winding
number 1 around the core {|x| < R_}.

* Degree: The Geometry of Biological Time [Winfree, 1980]
* Non-local model (spiral wave chimera) with a core: [Shima, Kuramoto,

2004], [Martens, Laing, Strogatz, 2010]
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Relative equilibria

Look for rotating waves of the form u(r, ¢, t) = u(r, ¢ — wt).

Substitute u = v — ¢:

Ay o0 - wo, —wl+ f(v—Lo; ) =0,
U(T, P+ 27T) - 'U(T, L)0) = 07

Uylr-r_Rr, =0.

Theorem (Existence on bounded domains)

For Ry < oo and £ + 0 and arbitrary p there exists a solution (u,w) to the equations.
Moreover, u is strictly increasing in . The solution is asymptotically stable.
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Existence — proof sketch
Ay o0 —woy, —wl +f(v—Lp; ) =0,
U(V, p+ 271-) - U(T’, 90) = 07

ZJr|r:R,,R+ =0.

Proof.

Take ¢ = 1 for simplicity. Global homotopy for 7 € [0,1]:

flusT) =rf )+ (1 -7) f f
where [ is the set of 7 on which the equation has a monotone solution.
Show (i) 0 e I; (ii) I is closed; (iii) I is open.
(ii) A-priori estimates, comparison/maximum principles.
(iii) Implicit function theorem (IFT).

Existence for oscillatory media (1 < 1) and excitable media (@ > 1). O
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Rotating waves are spirals

u mod 27

20 40

e vs the wavenumber

6

s

wavenumber

"

Need: «
1.
2.
3.

u mod 27

Existence theorem for R, = oco.

Numerics for R, = oo.

Archimedian spiral?
o(r) = Cir+ Cylog(r) + O(1/r)

. Wavenumber selection.

[Ermentrout, van der Ventel, 2016]
on thin annulus
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Numerics for R, = oo — farfield-core

For simplicity, we will take ¢ = 1 in the rest of the talk.
Decompose v into a core part and a wave train part:

[ U = Ucore + X * Owt ]

1. x: smooth cut-off function. For Ryq € (R-,R,),

X(r) =0, 7<Rpg-1
x(r)=1, r>Rpnqg+1
2. Ueore: PDE solution localized near the core,
Ucore = 0asr - R,.

3. x - vwt: wave train solution that captures the far-field behavior,
X-Uwt=0asr=R_.
[Morrissey, Scheel, 2015], [Lloyd, Scheel, 2016], [Dodson, Sandstede, 2019], [Dodson, Lewis, 2022]
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Wave train — theory

Substitute u(r, ¢, t) = u(kr — wt) and take r — oo limit.
Wave train solutions satisfy the ODE with variable 1) := kr — wt:

K1ty — wity, + 1+ pcos(u) = 0,
u(v +2mr) —u(y) =2«

or the periodic version in v := u + 1)

K0y — WOy —w + 1+ pcos(v — ) =0,
v(¢ +2m) —v(y) = 0.

e Obtainvasa 1D BVP.

e Interpolate it onto the 2D domain via vy(7, ) = v(kr + ¢).

Ignore potential log shift and O(1/r) residuals.
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Wave train - asymptotics for small x

Write as a first-order system with equilibrium (v, 41, ) = (const, 0,0):

1
Oy = TW

Wy = % [%(dz + 1)y +@ —ucos(v—l/))]

For 0 < pt «<'1, we can expand v, w, and @ :=w —1in p as

v(0)=0

w(0) =wp + wip + wzuz + oo
o(r, ) =0 (Y) + po' () + p?0* () + -
w(r, ) =w’ (1) + pw' () + p'w? () + -

O = Qo + i + i + -
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Nonlinear dispersion relation for small 1

o
[ w—l—m+(‘)(u4). ]

In fact, w ~ wo +wa(p) k* + O(K®) for k ~ 0 (weak nonlinear dispersion).

w(k) at p = 0.1000

0999

0998

3 ool

0996

0995

Blue: theoretical prediction; Red: numerical computation.

[Ermentrout, Rinzel, 1981] on 1D ring
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Spirals via farfield-core

Combine 2D PDE and the wave train ODE, coupled through w:

p
Ay o0 —wo, —wl+f(v—Lp; ) =0,

v(r,p+2mwl) —v(r,p) =0,

Urlr:R,,RJr = 07

kzvfﬁ - wv‘,/’ft +1+ pcos(v™ —) =0,

x{v,vy) = 0.

.

Substitute the farfield-core ansatz v = Uegre + X * Vwt-
Solve for Ucore, Vwt, w , k simultaneously.
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Farfield-core — numerical results

Lvs w
BVsw . nvsk

H . H
Frequency w and wavenumber k selected by the spiral wave.

Empirically for p ~ 0,

2
[ w(p) ~1 —w2%7 k() ~ kg J

Work in progress:
1. Determine powers theoretically, and confirm with numerics.

2. Existence of spirals for 1 « 1.
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Toy problem: Spirals via 1D sources

[ s lencos@ oy re®.e) whaz0 |

1. No curvature effect.

2. Inhomogeneity vx(,1) with support in [0, 1] and strength .

3. To obtain 2D rotating waves, identify ¢ = —wt where w = 27/T,
u(t+T) =u(t) + 2.

4. One can homotopy from 1D sources to 2D spirals via

1 1
T~ (;ur + rfzu%p) + (]. — ’7—) . '}/X[OJ]
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Spirals from 1D sources — numerics
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(a) ;2 = 0.5, w = 0.8675. (b) 11 = 0.8, w = 0.6888.
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1D sources with farfield-core

Vs w

; o
n Iz

1D sources select w and k in a different way from curvature effects.

For v =0.5and i ~ 0, we have empirical asymptotics

2
[ w(,u)~1—%, k(1) ~ 0.275 + ki 1. }
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Spiral via geometric flows — numerics

spiral with core radius 5 spiral with core radius 50
200 200
100 100
> 0 > 0

-100 / -100
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log(R) vs log(w — VR™!)

o Numerical results
—— Asymptotic theory
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Spiral waves via geometric flows
Curvature driven flow ¢ =V + Dx. V,D > 0; c: normal velocity.

Spiral as a planar curve y = {(r, ®(r,t))} with

_ Drd, - V(1+72®2)32 + Dr’®% + 2D,
- r(1+1292) ’
®,=0 atr=R. R,=o0

P,

Theorem (Li, Scheel, 2024)
1. (Existence) For all D,V ,R_ > 0, there exists an outward rotating
asymptotically Archimedean spiral ~o with frequency w = wep (D, V) > 0.
2. (Asymptotics) For fixed D,V >0, and R > 1, we have the expansion
wep = VR = 52! BDYPVIPR™SA L O(RTP),  op=1.01879297 ...
3. (Spirals are Lyapunov stable) All curves that are sufficiently close to the
solution will stay close to it for all times.

* GSPT & shooting method for existence and asymptotics.

* comparison principle for stability.
m/Zl



Spiral instabilities

Not all spirals are stable. For example, with R_, R, sufficiently large,

( C=V+D2H—D4Iiss J

Results (Cortez, Li, Mihm, Xu, Yu, Scheel, 2025)

1. Fix V> 0,Dy4 > 0, and D,, then for appropriate B.C. at r = R_ and all R_ > 1,
there exists a rigidly rotating spiral wave solution.

2. Fix V,D4 >0, and R_ > 1, then for D, > 0, spirals are stable (linearization has
no unstable eigenvalues).
When D, decreases past DS (R_, Dy, V) < 0, the spiral wave undergoes a Hopf
bifurcation with an eigenfunction that grows super-exponentially as r — oo.
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Spiral instabilities — numerics
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Summary & Questions

Summary:
* Anchored spiral waves in the # model (oscillatory & excitable).
* Existence of rotating waves on bounded domains.
* Numerical results from farfield-core matching.
e Dispersion relation for wave trains.
* Wavenumber & frequency selection by curvature effects and 1D sources.

e Spirals from 1D sources and curvature-driven geometric flows.

https://nanli.co

Open questions:

e Existence for R, = oo (u ~ 0).

e Stability for R, = oo.

e Expansion of frequency w(x) and wavenumber
k() for p ~ 0.
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